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Abstract— Inspired by humans’ ability to adapt to changing
environments, this paper proposes an adaptive human model
that mimics the crossover model despite input bandwidth
deviations and plant uncertainties. The proposed human model
structure is based on the model reference adaptive control,
and the adaptive laws are obtained using the LyapunovKrasovskii stability criteria applied to the overall closed loop
system including the human pilot, the controller and the plant.
The proposed model can be employed for human-in-the-loop
stability analysis with different controllers and plant types. A
numerical example is used to demonstrate the effectiveness of
the presented method.

I. INTRODUCTION
Unique abilities of humans such as adaptive behavior
in dynamic environments, and social interaction and moral
judgment capabilities, make humans essential elements of
in most control loops, operating in close collaboration with
autonomy. On the other hand, autonomy provides higher
computational performance and multi-tasking capabilities
without any fatigue, stress, or boredom [1], [2].
Apart from their individual strengths, humans and autonomy have their own weaknesses. Compared to automatic
control, the probability of human error causing system failure is higher. Moreover, humans may have anxiety, fear
and unconsciousness during operations. In the tasks that
require increased attention and focus, humans may tend to
provide high gain control inputs which can cause undesired
oscillations. One example of this phenomenon, for example,
is the occurance of pilot induced oscillations (PIO), where
undesired and sustained oscillations are observed due to an
abnormal coupling between the aircraft and the pilot [3], [4],
[5], [6]. Similarly, there exists cases, where the autonomy
fails due to an uncertainty, fault or cyber-attack [7]. Thus,
it may be more preferable to design systems where humans
and automation work in harmony, complementing each other,
resulting in a structure that benefits from the advantages of
both.
A mathematically rigorous investigation of human in the
loop dynamics help develop safe control mechanisms, and
provide a better realization and understanding of human
control actions and limitations [8], [9], [10]. To achieve this
purpose, reliable human mathematical models are required.
One of the first human models in aeronautics is proposed
in [11], called the Neal-Smith model, as a transfer function
which can be used in closed loop stability analysis. In
[12], [13] it is stated that every control intention has to be

translated to a body movement by the neuromuscular system
and a transfer function model is proposed illustrating this
observation. Crossover model, another human pilot model
defined in [14], is motivated from the empirical observation
that human pilots adapt their responses in such a way that the
overall open loop system dynamics resembles that of a welldesigned feedback system. Several approaches are developed
to identify the parameters of the two fundamental models,
Neal-Smith and neuromuscular models in [15], a two-step
method using wavelets and a windowed maximum likelihood
estimation method are exploited for the estimation of timevarying pilot model parameters. In [16], the Linear Parameter
Varying model identification framework is incorporated to
estimate time-varying human state space representation matrices. Subsystem identification is used in [17] to model the
control strategies of the human in the loop. In comparison
with the estimation based methods the proposed method does
not require system identification or estimation methods.
There also exist pilot models in the literature that mimics
the adaptation ability of humans. In [18] and [19], the
adaptive behavior of human in the loop is formulated and
adaptive rules are provided based on an expert experiences
about human adaptive behavior in the control loop. It is
illustrated that the proposed adaptive human model follows
the crossover model. A survey on various human models can
be found in [20] and [21].
In this paper, we propose, proposes an adaptive human
pilot model that modifies its behavior based on deviations in
the forcing function (reference input) bandwidth and plant
uncertainties. In addition, the closed loop system with the
proposed human model is shown to follow the output of
the crossover model without expert experience requirements.
The adaptive laws are obtained based on the LyapunovKrasovskii stability criteria.
This paper is organized as follow. Section II presents
the crossover law briefly, and states the dynamics of plant,
human neuromuscular and reference model. Obtaining reference model parameters are discussed in Section III. Section
IV presents the human adaptive control strategy and the
stability analysis. A numerical example is used in Section V
to illustrate the effectiveness of the proposed methodology
in the simulation environment. Finally, Section VI concludes
the paper.
II. PROBLEM STATEMENT

*This work was not supported by any organization
1 S. S. Tohidi and Y. Yildiz are with Faculty of Mechanical Engineering,
Bilkent University, Cankaya, Ankara 06800, Turkey {shahabaldin,

yyildiz}@bilkent.edu.tr

According to McRuer’s crossover model [14], human
pilots in the control loop behave in a way that results in

TABLE I
Plant transfer
function
K
K/s
K/s2

Crossover frequency of the
open loop transfer function
ωc = 0.067ωi2 + 0.099ωi + 4.8
ωc = 0.14ωi + 4.3
ωc = −0.0031ωi4 − 0.072ωi3 + 0.29ωi2
−0.13ωi + 3

which can be written in the following compact form
ẋhp (t) = Ahp xhp (t) + Bhp u(t − τ ),
Fig. 1: The block diagram of the human adaptive behavior
and decision making in closed loop system.

an open loop transfer function
ωc e−τ s
,
(1)
s
near the crossover frequency (ωc ), where Yh is the transfer
function of the human pilot and Yp is the transfer function
of the plant. Also, τ is the effective time delay, including
transport delays and high frequency neuromuscular lags, and
ωc is the open loop gain which can be considered as pilot
gain.
Consider the following plant dynamics
YOL (s) = Yh (s)Yp (s) =

ẋp (t) = Ap xp (t) + Bp up (t),

(2)

where xp ∈ Rnp is the plant state vector, up ∈ Rmp is the
plant input vector, Ap ∈ Rnp ×np is an unknown plant state
matrix, Bp ∈ Rnp ×mp is an unknown plant control matrix.
The approximate human neuromuscular model [22] is
represented in state space form which is given as
ẋh (t) = Ah xh (t) + Bh u(t − τ )
yh (t) = Ch xh (t) + Dh u(t − τ ),

(3)

where Ah ∈ Rnh ×nh is the known neuromuscular state
matrix, Bh ∈ Rnh ×mh is the known neuromuscular control
matrix, Ch ∈ Rmp ×nh is the known neuromuscular output
matrix, and Dh ∈ Rmp ×mh . Also xh ∈ Rnh is the
neuromuscular state vector, u ∈ Rmh is the neuromuscular
input vector, yh ∈ Rmp is the neuromuscular output vector,
and τ ∈ R+ is a known, constant delay. In this structure,
the output of the human neuromuscular model, yh , is used
as the plant input up in (2), that is yh = up (see figure 1).
By combining the human pilot and plant states, we obtain
the open loop human-plant dynamics as
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(4)

(5)

where xhp = [xTh xTp ]T ∈ R(np +nh ) , Ahp ∈
R(np +nh )×(np +nh ) , Bhp ∈ R(np +nh )×mh .
The goal is to obtain the input u(t) in (3), which is the
control decision of the pilot, such that the closed loop system
consisting of the adaptive human pilot model and the plant
follow the output of a unity feedback reference model with
an open loop crossover transfer function
YOL (s) =

ωc e−τ s (s + α)np +nh −1
,
s
(s + α)np +nh −1

(6)

where α is a positive constant utilized to make the reference
model order equal to that of the human-plant system. The
reference model, whose open loop transfer function is given
in (6), can be represented in state space form as
ẋm (t) = Am xm (t) + Bm r(t − τ )

(7)

where xm ∈ R(nh +np ) is the reference model state vector, Am ∈ R(nh +np )×(nh +np ) is the state matrix, Bm ∈
R(nh +np )×mh is the input matrix, and r ∈ Rmh is the
reference input.
III. REFERENCE MODEL PARAMETERS
The crossover transfer function (6) contains the crossover
frequency, ωc , which is not known a priory. Experimental
data, showing the reference input (r(t)) frequency bandwidth, ωi , versus crossosover frequency ωc , is provided in
[14], for plant transfer functions K, K/s and K/s2 . We
fit polynomials to these experimental results to obtain the
crossover frequency of the open loop transfer function given
a reference input frequency bandwidth. These polynomials
are given in Table I. It is noted that when the reference input
has multiple frequency components, the highest frequency is
used to calculate the crossover frequency.
Remark 1. In this work, we use the polynomial relationships
provided in Table I for zero, first and second order plant
dynamics with nonzero poles and zeros. It is noted that
further experimental work with humans are required to
obtain more precise crossover vs reference input frequency
relationships.
IV. HUMAN CONTROL COMMAND
The adaptive human decision command, u(t), is determined as
u(t) = Kr Kx xhp (t + τ ) + Kr r(t)

(8)

where Kx ∈ Rmh ×(nh +np ) , and Kr ∈ Rmh ×mh . Using (8)
and (5), the closed loop dynamics can be written as
ẋhp (t) = (Ahp + Bhp Kr Kx )xhp (t) + Bhp Kr r(t − τ ).
(9)
Equation (8) describes a non-causal command which
requires future values of the states. This problem can be
eliminated by solving the differential equation (5) as a τ seconds ahead predictor as
Z 0
xhp (t + τ ) = eAhp τ xhp (t) +
e−Ahp η Bhp u(t + η)dη.
−τ

(10)
Assumption 1. There exist ideal parameters Kr∗ and Kx∗
satisfying the following matching conditions
Ahp + Bhp Kr∗ Kx∗ = Am

(11)

Bhp Kr∗ = Bm .

By substituting (10) into (8), the control input can be
written as
u(t) = Kr Kx eAhp τ xhp (t)
Z 0
(12)
+ Kr Kx
e−Ahp η Bhp u(t + η)dη + Kr r(t).
−τ

By defining θx (t) = Kr (t)Kx (t)eAhp τ and λ(t, η) =
Kr (t)Kx (t)e−Ahp η Bhp , we have (see figure 1)
Z 0
u(t) = θx (t)xhp (t) +
λ(t, η)u(t + η)dη + Kr (t)r(t).
−τ

(13)

The ideal values of θx and λ can be obtained as
θx∗ = Kr∗ Kx∗ eAhp τ

(14)

λ∗ = Kr∗ Kx∗ e−Ahp η Bhp .

Since Ahp is unknown, θx and λ need to be estimated. The
closed loop dynamics can be obtained using (5) and (13) as
ẋhp (t) = Ahp xhp (t) + Bhp θx (t − τ )xhp (t − τ )
Z 0
+
Bhp λ(t − τ, η)u(t + η − τ )dη

(15)

−τ

+ Bhp Kr r(t − τ ),
Defining θ̃x = θx − θx∗ , λ̃ = λ − λ∗ , and adding and
subtracting Am xhp (t) to (15), and using (11), (10) and (14),
we have

Theorem 1. Given the initial conditions θ̃x (ξ), λ̃(ξ, η) and
xhp (ξ) for ξ ∈ [−τ, 0], and u(ζ) for ζ ∈ [−2τ, 0], there exists
a τ ∗ such that for all τ ∈ [0, τ ∗ ], the human-plant system
(5), with the controller (13) and the following adaptive laws
˙
θ̃xT (t) = −xhp (t − τ )e(t)T P Bhp ,

(18)

˙
λ̃T (t, η) = −u(t + η − τ )e(t)T P Bhp ,

(19)

follow the crossover model (7), while all the signals remain
bounded.
Proof. Consider a Lyapunov-Krasovskii functional ([23];
[24])
V (t) = eT P e + tr(θ̃xT (t)θ̃x (t))
Z 0 Z t
˙
˙
tr(θ̃xT (ξ)θ̃x (ξ))dξdv
+
−τ t+v
Z 0
tr(λ̃T (t, η)λ̃(t, η))dη
+
−τ
Z 0 Z t Z 0
˙
˙
+
tr(λ̃T (ξ, η)λ̃(ξ, η))dηdξdv,
−τ

t+v

(20)

−τ

˙
where λ̃ = ∂∂tλ̃ and P is the positive definite symmetric
matrix solution of the Lyapunov equation
ATm P + P Am = −Q,

(21)

where Q is a symmetric positive definite matrix. The derivative of V (t) can be calculated by using Leibniz’s rule, that is
R b(t)
db(t)
da(t)
d
dt a(t) f (y)dy = f (b(t)) dt − f (a(t)) dt , and the trace
operator property tr(X T X) = ||X||2F , as
˙
V̇ (t) = ėT (t)T P e(t) + eT (t)P ė(t) + 2tr(θ̃xT (t)θ̃x (t))
Z 0
˙
2tr(λ̃T (t, η)λ̃(t, η))dη
−τ
Z 0
˙
˙
+ τ ||θ̃x (t)||2F −
||θ̃x (t + v)||2F dv
−τ
Z 0
Z 0 Z 0
˙
˙
+τ
||λ̃(t, η)||2F dη −
||λ̃(t + v, η)||2F dηdv.
−τ

−τ

−τ

(22)

Using (17) and (21), we have

ẋhp (t) = Am xhp (t) + Bm r(t − τ ) + Bhp θ̃x (t − τ )xhp (t − τ ) V̇ (t) = −eT (t)Qe(t) + 2eT (t)P Bhp θ̃x (t − τ )xhp (t − τ )
Z 0
Z 0
T
+ Bhp
λ̃(t − τ, η)u(t − τ + η)dη.
+ 2e (t)P Bhp
λ̃(t − τ, η)u(t + η − τ )dη
−τ

Defining the tracking error as e(t) = xhp
subtracting (7) from (5), it is obtained that

(16)
− xm , and

ė(t) = ẋhp − ẋm
= Am e(t) + Bhp θ̃x (t − τ )xhp (t − τ )
Z 0
+ Bhp
λ̃(t − τ, η)u(t − τ + η)dη.
−τ

(17)

−τ

Z 0
˙
˙
+ 2tr(θ̃xT (t)θ̃x (t)) +
2tr(λ̃T (t, η)λ̃(t, η))dη
−τ
Z 0
˙
˙
+ τ ||θ̃x (t)||2F −
||θ̃x (t + v)||2F dv
−τ
Z 0
Z 0 Z 0
˙
˙
+τ
||λ̃(t, η)||2F dη −
||λ̃(t + v, η)||2F dηdv.
−τ

−τ

−τ

(23)

Using g(t) − g(t − τ ) =

R0
−τ

ġ(t + v)dv, we have

By substituting (18)-(19) into (25), and using the trace
operator property tr(AB) = tr(BA) for two matrices of
proper dimension A and B, we have

V̇ (t) = −eT (t)Qe(t)


˙
+ 2tr xhp (t − τ )eT (t)P Bhp θ̃x (t) + θ̃xT (t)θ̃x (t)
V̇ (t) ≤ −eT (t)Qe(t)
Z 0


T
+ 2τ tr e(t)xThp (t − τ )xhp (t − τ )e(t)T P Bhp Bhp
P
+
2tr u(t + η − τ )eT (t)P Bhp λ̃(t, η)
Z 0
−τ

+ 2τ
tr e(t)uT (t − τ + η)u(t + η − τ )e(t)T
˙T
+ λ̃ (t, η)λ̃(t, η) dη
−τ

Z 0
T
×
P
B
Bhp
P dη.
hp
˙
T
θ̃x (t + v)dv)xhp (t − τ )
− 2e (t)P Bhp (
(27)
−τ
Z 0 Z 0
 By using the trace operator property tr(AB) ≤ tr(A)tr(B)
˙
− 2eT (t)P Bhp
(
λ̃(t + v, η)dv)u(t + η − τ )dη for two positive semidefinite matrices A and B (see [25]),
−τ
−τ
we have
Z 0
˙
˙
2
2
V̇ (t) ≤ −eT (t)Qe(t)
+ τ ||θ̃x (t)||F −
||θ̃x (t + v)||F dv


−τ
T
+ 2τ tr e(t)xThp (t − τ )xhp (t − τ )e(t)T tr P Bhp Bhp
P
Z 0
Z 0 Z 0
Z 0
˙
˙
+τ
||λ̃(t, η)||2F dη −
||λ̃(t + v, η)||2F dηdv.

+
2τ
tr e(t)uT (t − τ + η)u(t + η − τ )e(t)T
−τ
−τ −τ
(24)
−τ

T
By substituting (18)-(19) into (24), we have
× tr P Bhp Bhp
P dη
T
V̇ (t) ≤ −eT (t)Qe(t)
≤ −λmin (Q)||e(t)||2 + 2τ ||xhp (t − τ )e(t)T ||2F ||Bhp
P ||2F
Z 0
Z 0
˙
T
−2
tr(xhp (t − τ )e(t)T P Bhp θ̃x (t + v))dv
+ 2τ
||u(t + η − τ )e(t)T ||2F ||Bhp
P ||2F dη
−τ
−τ
Z 0 Z 0
T
≤ −λmin (Q)||e(t)||2 + 2τ ||xhp (t − τ )||2 ||e(t)||2 ||Bhp
P ||2F
˙
T
−2
tr(u(t + η − τ )e(t) P Bhp λ̃(t + v, η))dvdη
Z 0
−τ −τ
T
Z 0
+ 2τ
||u(t + η − τ )||2 ||e(t)||2 ||Bhp
P ||2F dη
˙
˙
2
2
−τ
+ τ ||θ̃x (t)||F −
||θ̃x (t + v)||F dv

λmin (Q)
−τ
T
Z 0
Z 0 Z 0
= ||Bhp P ||2F ||e(t)||2 −
T
2
||B
˙
˙
hp P ||F
+τ
||λ̃(t, η)||2F dη −
||λ̃(t + v, η)||2F dηdv
Z 0

−τ
−τ −τ
Z 0
+ 2τ ||xhp (t − τ )||2 +
||u(t + η − τ )||2 dη
˙
˙
−τ
= −eT (t)Qe(t) + 2
tr(θ̃xT (t)θ̃x (t + v))dv
(28)
−τ
λmin (Q)
Z 0 Z 0
By defining q ≡ ||B
T P ||2 , for the non-positiveness of V̇ (t),
F
hp
˙
˙
tr(λ̃T (t, η)λ̃(t + v, η))dvdη
+2
we need to satisfy
−τ −τ
Z 0
Z 0

˙
˙
+ τ ||θ̃x (t)||2F −
||θ̃x (t + v)||2F dv
q − 2τ ||xhp (t − τ )||2 +
||u(t + η − τ )||2 dη ≥ 0.
−τ
−τ
Z 0
Z 0 Z 0
(29)
˙
˙
+τ
||λ̃(t, η)||2F dη −
||λ̃(t + v, η)||2F dηdv
It may not be easy to check if (29) is satisfied since xhp
−τ
−τ −τ
and u are dependent variables. The proof that shows (29) is
Z 0 
satisfied
for all time-delay values smaller than a certain value
˙
˙
= −eT (t)Qe(t) +
tr 2θ̃xT (t)θ̃x (t + v)
∗
τ
,
and
therefore
xhp and u are bounded for all t > 0, is
−τ

provided
for
a
similar
system in [23], using induction. Here,
˙
˙
˙
˙
+ θ̃xT (t)θ̃x (t) − θ̃xT (t + v)θ̃x (t + v) dv
we provide a summary of the proof in the four steps:
(25)
Z 0 Z 0 
Step 1: It is shown that (29) is satisfied for all t ∈ [t0 , t0 +τ ].
˙
˙
+
tr 2λ̃T (t, η)λ̃(t + v, η)
Using this result, an upper bound I0 , which is related to the
−τ −τ

V (t0 ), and a delay value τ1 are found such that ||xhp (ξ)|| ≤
˙
˙
˙
˙
+ λ̃T (t, η)λ̃(t, η) − λ̃T (t + v, η)λ̃(t + v, η) dηdv.
I0 , and ||u(ξ)|| ≤ g1 (I0 , τ ), ∀ξ ∈ [t0 , t0 + τ ], ∀τ ∈ [0, τ1 ],
By using the trace property tr(A + B) = tr(A) + tr(B), and where g1 is a function of I0 , τ and known constants.
the algebraic inequality a2 ≥ 2ab − b2 for two scalars a and Step 2: A delay value τ2 is found for which (29) is satisfied,
which in turn leads to a non-increasing V̇ (ξ) for ∀ξ ∈
b, we have
[t
Z 0
0 , t0 +2τ ], ∀τ ∈ [0, τ̄2 ], τ̄2 = min(τ1 , τ2 ). Using this result,


˙T ˙
T
it
is shown that ||xhp (ξ)|| is bounded for ∀ξ ∈ [t0 , t0 + 2τ ],
V̇ (t) ≤ −e (t)Qe(t) +
2tr θ̃x (t)θ̃x (t) dv
−τ
∀τ
∈ [0, τ̄2 ].
(26)
Z 0 Z 0


Step
3: It is shown that the maximum possible value of the
˙
˙
+
2tr λ̃T (t, η)λ̃(t, η) dηdv.
control
signal u in the interval [t0 , t0 + τ ] is a function of
−τ −τ

only I0 , Ahp , Bhp , T and τ , where T is a value between t0
and τ .
Step 4: It is shown that there exists a delay value τ3 which
leads to a non-increasing V̇ (ξ) for ∀ξ ∈ [t0 , t0 + τ ], ∀τ ∈
[0, τ ∗ ], τ ∗ = min(τ̄2 , τ3 ), and it is shown that ||xhp (ξ)|| ≤ I0
and ||u(ξ)|| ≤ g2 for ∀ξ ∈ [t0 , t0 + τ ], ∀τ ∈ [0, τ ∗ ], where
g2 is a function of I0 and other known constants.
The above four steps show that ||xhp (ξ)|| ≤ I0 and
||u(ξ)|| ≤ g2 (I0 ) for ∀ξ ∈ [t0 , t0 + kτ ], for k = 1 and
τ ∈ (0, τ ∗ ]. It is then shown that, if it is assumed that this
is true for a given k, other than 1, then it must be true for
k + 1. This completes the proof using induction. For details,
see [23].

Fig. 2: Adaptive parameters.

Remark 2. In order to implement the control signal (13),
the integral term is approximated as
Z 0
λ(t, η)u(t + η)dη ≈ λ(t, −τ )u(t − τ )
(30)
−τ
+ λ(t, −τ + dη)u(t − τ + dη) + ... + λ(t, 0)u(t).
Remark 3. The crossover model is an integrator with
crossover gain (ωc ) and time-delay (τ ). The ωc regression
and τ increment reduce the phase margin which leads to
the model instability. A comprehensive research about the
variation of crossover model parameters is done in [12], [13]
and [26]. Changing in ωc with respect to the reference input
bandwidth (ωi ) is considered in the proposed adaptive human
model. In this model, the human effective time delay is
assumed to be constant and known. A more accurate human
adaptive model considering unknown human response delay
will be analyzed in future work.

Fig. 3: Adaptive parameters for different η values.

V. S IMULATION R ESULTS
4
before t = 25sec is
A first order stable plant Yp (s) = s+1
considered. At t = 25sec, the plant transfer function will be
2
changed to Yp (s) = s+0.5
. The neuromuscular dynamics of
3
e−0.3s , where the time
the system is given as Yh (s) = s+2
delay τ = 0.3 is the effective time delay, including human
decision making delay and neuromuscular lags.
The reference signal (forcing function) is generated by
summation of the sinusoid functions with different frequencies. The frequencies are 0.16, 0.4, 0.86, 1.33, 4.2rad/sec
and the amplitude of each is 0.2. Thus, the highest frequency
component which shows the input bandwidth is ωi =
4.2rad/sec. Using the table 1 for the first order plant Yp , the
crossover frequency can be calculated as ωc = 4.88rad/sec.
With ωc in hand, we can choose an arbitrary α. For this
simulation, the reference model is chosen as a unity feedback
system with the open loop transfer function as YOL (s) =
4.88(s+1) −0.3s
.
s(s+1) e
Figures 2 and 3 illustrates the adaptive parameters. It is
seen that at t = 25sec, the adaptive parameters vary due
to the effort to compensates the plant changes. Figure 4
shows the forcing function and the human command to the
plant which tries to follow the forcing function. Also, figure
5 shows the error between human-plant system states and

Fig. 4: Human (red line) is trying to follow the forcing
function (blue line).

Fig. 5: Tracking error e = xhp − em .

Fig. 6: Human adaptive decision-making signal.

reference model states. It is seen that the error in the first
three seconds are large which is due to the bad parameters’
estimation in the first three seconds. In figure 6, the human
decision-making signal is shown. It is seen that the human
decision changes at t = 25sec in order to compensate the
changes in plant.
VI. CONCLUSIONS
In this paper, a new human model based on the adaptive
model reference control was proposed. This model mimics the human decision making process which follows the
crossover model while the plant is uncertain. This timevarying human model can be used for human-in-the-loop
stability analysis since the adaptive laws are obtained using
the Lyapunov-Krasovskii stability criteria. In addition, it does
not require any system identification method neither for the
human model parameters nor for the plant uncertainties.
The simulations performed using the proposed human model
show the time-varying human model gains and successful
reference tracking.
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