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Abstract— This paper proposes an adaptive fault tolerant
control allocation approach for over-actuated systems. The
methodology does not utilize the control input matrix estimation
to tolerate actuator faults and, therefore, the proposed control
allocation method does not require persistence of excitation.
Adaptive control approach with a closed loop reference model
is used for identifying control allocation parameters, which
provides improved performance without introducing undesired
oscillations. Furthermore, a sliding mode controller is used
to guarantee the outer loop asymptotic stability. Simulation
results are provided, where the ADMIRE model is used as an
over-actuated system, to demonstrate the effectiveness of the
proposed method.

I. INTRODUCTION

Actuator faults reduce the performance of the system and
may cause catastrophic accidents. A common approach to
address actuator faults is to introduce actuator redundancy
and to manage control signals among redundant actuators
by utilizing control allocation methodologies.

Surveys on control allocation methodologies and various
methods of reconfigurable fault tolerant control can be found
in [1] and [2], respectively. Two main control allocation
methodologies that are used for fault tolerance applications
are optimization based control allocation and adaptive control
allocation.

One example of optimization based control allocation
methods is given in [3], where error minimization is used
to improve the performance of steering in automotive ve-
hicles considering faults as asphalt conditions that should
be estimated. In another study, thruster force in a faulty
underwater vehicle is allocated among redundant thrusters
using control minimization [4]. This method is also imple-
mented on a modified quad-rotor helicopter in [5] where
the experimental results under different propeller faults are
presented. Optimization based control allocation for fault
tolerance applications is implemented in various other over-
actuated systems, where in the majority of the cases, the
control input matrix is either estimated or assumed to be
estimated [6]–[11].

Adaptive control allocation methods have low computa-
tional complexity in comparison with optimization based
control allocation methods. However, these methods require
persistence of excitation and may exhibit oscillatory behavior
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during parameter estimation. In [6], faults are estimated
adaptively and a methodology is proposed in order to obtain
persistence of excitation. The control allocation problem is
considered as a gain scheduling problem in [12] and the gains
are estimated adaptively, where the allocation problem is
coupled with the model reference adaptive controller design.
A general adaptive fault tolerant controller is proposed in
[13] where, the actuator lock-in-place failures are tolerated
using adaptive state feedback. Fault detection and isolation
methodologies are other useful methods that can provide
estimated fault information for control allocation (see [14]).
In [15], an unknown input observer is applied to identify ac-
tuator and effector faults. Sliding mode controller is coupled
with control allocation to design a fault tolerant controller in
[16], where the faults are assumed to be estimated.

This paper proposes a new control allocation method
that can adaptively tolerate faults in systems with actuator
redundancies. The method does not need fault estimation,
so it does not require persistence of excitation or addi-
tional sensors to determine actuator effectiveness. Control
allocation parameters are estimated rapidly without causing
excessive oscillations with the help of the adaptive method
that utilizes closed loop reference models [17]. In addition,
a sliding mode control is designed to control the outer loop
and guarantee the stability and reference tracking.

This paper is organized as follow. Section II presents
the faulty over-actuated system where actuator faults are
modeled as loss of effectiveness. The adaptive control al-
location is presented in Section III. Section IV presents the
sliding mode controller design. The ADMIRE model is used
in Section V to illustrate the effectiveness of the proposed
methodology in the simulation environment. Finally, Section
VI concludes the paper.

It is noted that throughout the paper, Frobenius norm is
used.

II. PROBLEM STATEMENT

Consider the following plant dynamics

ẋ = Ax+Buu

= Ax+BvBu. (1)

where x ∈ Rn is the system states vector, u ∈ Rm is the
control input vector, A ∈ Rn×n is the known state matrix
and Bu ∈ Rn×m is the known control input matrix which
is decomposed into the known matrices Bv ∈ Rn×r and
B ∈ Rr×m. To model the actuator degradation, a diagonal



matrix Λ ∈ Rm×m with uncertain positive elements is added
to the system dynamics as follows

ẋ = Ax+BvBΛu

= Ax+Bvv (2)

where v ∈ Rr denotes the virtual control input produced by
the outer loop controller.

The control allocation problem is to achieve

BΛu = v, (3)

Since Λ is unknown, conventional control allocation methods
do not apply here. In addition, it is required that matrix iden-
tification methods are not used since they require persistence
of excitation which is hard to realize in real applications.

III. ADAPTIVE CONTROL ALLOCATION

In this section, we develop the proposed adaptive control
allocation method. Towards this end, we first transform
the control allocation problem into a conventional model
reference adaptive control problem and then develop the
corresponding adaptive laws.

Consider the following dynamics

ẏ = Amy +BΛu− v (4)

where Am ∈ Rr×r is stable matrix and a reference model
given by

ẏm = Amym. (5)

Defining the control input as a mapping from v to u,

u = θTv v (6)

where θv ∈ Rr×m represents the adaptive parameter matrix
to be determined, and substituting (6) into (4), we obtain that

ẏ = Amy + (BΛθTv − I)v. (7)

It is assumed that there exists a θ∗v such that

BΛθ∗Tv = I. (8)

Defining θTv = θ∗Tv + θ̃Tv , where θ̃Tv is the deviation of θTv
from its ideal value, equation (7) can be rewritten as

ẏ = Amy +BΛθ̃Tv v. (9)

Defining an error e = y−ym, and taking its derivative using
(5) and (9), it follows that

ė = Ame+BΛθ̃Tv v. (10)

Let Γ = ΓT = γIr ∈ Rr×r > 0, where γ is a positive scalar,
and consider a Lyapunov function candidate

V = eTPe+ tr(θ̃Tv Γ−1θ̃vΛ), (11)

where tr refers to the trace operation and P is the positive
definite symmetric matrix solution of the Lyapunov equation

ATmP + PAm = −Q, (12)

where Q is a symmetric positive definite matrix. The deriva-
tive of the Lyapunov function candidate can be calculated
as

V̇ =eT (ATmP + PAm)e+ 2eTPBΛθ̃Tv v

+ 2tr(θ̃Tv Γ−1
˙̃
θvΛ)

=− eTQe+ 2eTPBΛθ̃Tv v + 2tr(θ̃Tv Γ−1
˙̃
θvΛ). (13)

Using the property of the trace operation aT b = tr(baT )
where a and b are vectors, (13) can be rewritten as

V̇ = −eTQe+ 2tr

(
θ̃Tv

(
veTPB + Γ−1

˙̃
θv

)
Λ

)
. (14)

It is shown below that the following adaptive law can be
used to obtain V̇ ≤ 0.

θ̇v = ΓProj
(
θv,−veTPB

)
(15)

where “Proj” refers to the following projection operator:
Consider Y = −veTPB ∈ Rr×m and θv ∈ Rr×m,

Proj
(
θv, Y

)
=
(
Proj(θv,1, Y1), ...,Proj(θv,m, Ym)

)
(16)

where θv,i and Yi refer to the ith column of θv and Y
respectively, and

Proj(θv,i, Yi) ≡ (17)
Yi − ∇fi(θv,i)(∇fi(θv,i))

T

||∇fi(θv,i)||2 Yifi(θv,i) if fi(θv,i) > 0

& Y Ti ∇fi(θv,i) > 0
Yi otherwise

where ∇ is the gradient operator and fi is a convex vector
function defined as

fi = f(θv,i) =
||θv,i||2 − θ∗2max,i

εiθ∗2max,i
(18)

where εi > 0 is the projection tolerance of the ith col-
umn of θv and θ∗max,i is a known upper bound such that
||θ∗v,i|| ≤ θ∗max,i. In the convex function (18), f(θv,i) = 0
when ||θv,i|| = θ∗max,i and f(θv,i) = 1 when ||θv,i|| =
θ∗max,i

√
1 + εi.

Lemma 1 [22]: If an adaptive algorithm with adaptive law
θ̇v,i = Proj(θv,i, Yi) and initial conditions θv,i(0) ∈ Ωi =
{θv,i ∈ Rr|f(θv,i) ≤ 1} and a convex function f(θv,i) :
Rr → R is defined, then θv,i ∈ Ωi for ∀t ≥ 0.

Using the inequality ||θ̃v|| ≤ ||θv|| + ||θ∗v ||, it is obtained
that ||θ̃v,i|| ≤ θ̃max,i = θ∗max,i(1 +

√
1 + εi).

Substituting (15) into (14), the derivative of the Lyapunov
function candidate is obtained as

V̇ = −eTQe

+ 2tr

(
θ̃Tv

(
veTPB + Proj

(
θv,−veTPB

))
Λ

)
By using the property of the projection operator given in
[21]:

tr

(
θ̃Tv
(
− Y + Proj(θv, Y )

)
Λ

)
≤ 0 (19)

we obtain that V̇ ≤ 0.



A negative semi-definite Lyapunov function derivative
ensures that the error signal e and the adaptive parameter θv
are bounded. For the initial conditions e(0) and ||θv,i(0)|| ≤
θ∗max,i

√
1 + εi, e and θv are uniformly bounded for ∀t ≥ 0

and system trajectories converge to the following set [22]

E = {(e, θ̃v) : ||e||2 ≤ 2sθ̃2max
γ

, ||θ̃v,i|| ≤ θ̃max,i} (20)

where

s ≡ −min
i

(λi(Am +ATm)/2) (21)

Γ−1 ≡ 1

γ
Ir

It is already shown that θ̃v,i ≤ θ∗max,i(1+
√

1 + εi), therefore

||θ̃v|| =

√√√√ m∑
i=1

r∑
j=1

|θ̃vi,j |2 =

√√√√ m∑
i=1

||θ̃vi ||2

≤

√√√√ m∑
i=1

θ∗2max,i(1 +
√

1 + εi)2 ≡ θ̃max (22)

To obtain fast convergence without introducing excessive
oscillations, the open loop reference model (5) is modified
as a closed loop reference model as follows

ẏm = Amym − L(y − ym) (23)

where L = −lIr ∈ Rr×r and l is a positive scalar design
parameter. It is noted that the above stability analysis can be
modified using this reference model. For details, see [17]. For
the initial conditions e(0) and ||θv,i(0)|| ≤ θ∗max,i

√
1 + εi,

e and θv are uniformly bounded for ∀t ≥ 0 and system
trajectories converge to the following set [22]

E = {(e, θ̃v) : ||e||2 ≤ 2(s+ l)θ̃2max
γ

, ||θ̃v,i|| ≤ θ̃max,i}
(24)

IV. OUTER LOOP CONTROLLER DESIGN IN THE
PRESENCE OF CONTROL ALLOCATION ERROR

Since the control allocation subsystem has limited band-
width, the virtual control signal v, produced by the outer
loop controller, and the achieved moments BΛu will not be
the same instantaneously.

To reflect this fact, substituting (6) into (2), we rewrite the
plant dynamics as

ẋ = Ax+BvBΛu

= Ax+BvBΛθTv v

= Ax+Bv(BΛθ∗Tv +BΛθ̃Tv )v. (25)

Substituting the ideal value of θ∗v in (17), such that BΛθ∗v
T =

I , we obtain that

ẋ = Ax+Bv(I +BΛθ̃Tv )v (26)

Since the projection algorithm is used in the adaptive laws for
the control allocation, we know that θ̃v is bounded, regard-
less of any stability condition. Defining F (t) ≡ BΛθ̃Tv , (26)
can be rewritten as

ẋ = Ax+Bv(I + F (t))v (27)

where F (t) ∈ Rr×r is a bounded function.
Lemma 2: There exists F̄ such that ||F (t)|| ≤ F̄ ,∀t,

where F̄ is a known constant.
Proof of lemma 2: Using F (t) = BΛθ̃Tv , it is obtained

that

||F (t)|| ≤ ||B||
√
mθ̃max

It is noted that the definition of θ̃max is given in (22).
Assume that (27) can be decomposed into two subsystems

given as

ẋ1 = A1x1 +A2x2 (28)

ẋ2 = A3x1 +A4x2 +B′v(I + F (t))v (29)

where x1 ∈ Rn−r, x2 ∈ Rr. Furthermore, assume that A1

is stable and B′v ∈ Rr×r is an invertible matrix. These
conditions make (29) a square system which is suitable for
the application of sliding mode control [18]. In addition,
since A1 is stable, showing that the states x2 are bounded
will be enough for the boundedness of x1.

Each individual scalar equation in (29) can be written as

ẋ2i = hi(x) +

r∑
j=1

bij(x)vj i = 1, ..., r, j = 1, ..., r (30)

Defining
si = x2i − x2di (31)

where x2di is the desired trajectory for x2i, it can be
shown that the following control input satisfies the sliding
conditions

v = B′v
−1

(x2d − h(x)− ksgn(s)), (32)

where x2d ∈ Rr, h(x) ∈ Rr and ksgn(s) ∈ Rr is a vector
consisting of components kisgn(si). It is noted that the
elements of vector k must be chosen such that

(1− F̄ )ki +
∑
j 6=i

F̄ kj =

r∑
j=1

F̄ |x2di − hj |+ ηi, i = 1, ..., r

(33)
where ηi ∈ R is the positive scalar used in the sliding
condition given as

1

2

d

dt
s2i ≤ −ηi|si|. (34)

Chattering is an undesirable result of the controller (32).
Using the boundary layer approach, one can smooth out the
control discontinuity (sgn(s)) near the switching surface.
Instead of the term sgn(s), we use sat(s/Φ) in order to
avoid discontinuity in the controller design:

v = B′v
−1

(x2d − h(x) + ksat(s/Φ)) (35)



where Φ is the boundary layer thickness and sat is the satu-
ration function.. The sliding mode controller (35) guarantees
that the boundary layer is attractive and invariant.

The state vector x2 is bounded and using (28), it is
concluded that x1 is also bounded. Using (28) and (29), it
is seen that ẋ1 and ẋ2 are bounded. Therefore, v and v̇ are
bounded. This shows that the requirements for the stability
analysis of the control allocation system are satisfied.

V. APPLICATION EXAMPLE

A. ADMIRE MODEL

The simplified ADMIRE model provided in [19], [20]
is used in this section to demonstrate the effectiveness of
the proposed method in the presence of actuator faults. The
states, outputs and control deflections of the system are given
as below

x = [α β p q r]T

y = [p q r]T

u = [uc ure ule ur]
T (36)

where α, β, p, q and r are the angle of attack, sideslip
angle, roll rate, pitch rate and yaw rate, respectively. Control
surfaces are canard wings, right and left elevons and the
rudder. The following approximate model provided in [19]
represents the linearized aircraft dynamics at Mach 0.22 and
altitude 3000m,

ẋ = Ax+Buu = Ax+Bvv

v = Bu, Bu = BvB, Bv =

[
02×3
I3×3

]
(37)

where state and control matrices are as below

A =
−0.5432 0.0137 0 0.9778 0

0 −0.1179 0.2215 0 −0.9661
0 −10.5123 −0.9967 0 0.6176

2.6221 −0.0030 0 −0.5057 0
0 0.7075 −0.0939 0 −0.2127



B =

 0 −4.2423 4.2423 1.4871
1.6532 −1.2735 −1.2735 0.0024

0 −0.2805 0.2805 −0.8823


In order to provide actuator redundancy in a form that can

be exploited using control allocation, the control surfaces are
viewed as pure moment generators and their influence on
derivatives of the first two states i.e. α̇ and β̇ is neglected
[20]. In addition, to represent actuator faults, a diagonal
matrix Λ is introduced. As discussed in the previous section,
this system can be written as two subsystems:[

α̇

β̇

]
=

[
−0.5432 0.0137

0 −0.1179

] [
α
β

]

+

[
0 0.9778 0

0.2215 0 −0.9661

] p
q
r



 ṗ
q̇
ṙ

 =

 0 −10.5123
2.6221 −0.0030

0 0.7075

[ α
β

]

+

 −0.9967 0 0.6176
0 −0.5057 0

−0.0939 0 −0.2127

 p
q
r


+B′v(I + F (t))v

where B′v is the identity matrix and (I + F (t))v = BΛu.
Since the ADMIRE model is written in the form of (28) and
(29), the proposed sliding mode controller can be applied to
this system.

The closed loop reference model provided in (23) is used
with l = 4 and Am selected as

Am = −

 0.2 0 0
0 0.1 0
0 0 0.1


For simulations, we have assumed that all actuators are

healthy in the first 10 seconds of the simulation and their
effectiveness are reduced afterwards. The uncertainty matrix
used in the simulations is given as

Λ(t) =

{
diag(1, 1, 1, 1) for t < 10(sec)
diag(0.8, 0.8, 0.8, 0.8) for t ≥ 10(sec)

The elements of the vector k are calculated using (33).

B. Simulation Results
Figure 1 shows the adaptation parameters. It is seen that

all of the parameters are bounded. Figure 2 shows that the
states α and β remain bounded while p, q and r follow their
desired references. p, q and r continue to track their desired
values after the fault occurs at t = 10sec. Figure 3 and Figure
4 show the components of the virtual control input and the
control surface deflections, respectively. It is seen from the
figures that control allocation successfully follows the virtual
control inputs and corresponding control surface deflections
remain bounded with smooth variations.
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Fig. 1: Adaptation parameters (elements of θv ∈ R3×4).
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Fig. 3: Virtual control signal v tracking.

VI. CONCLUSIONS

An adaptive fault tolerant controller using control alloca-
tion is proposed in this paper. This method does not need
fault identification and does not require persistence excita-
tion conditions to achieve convergence. Using closed loop
reference models improves the performance of the adaptive
control allocation without causing excessive oscillations. The
proposed adaptive control allocation method has modular
design, allowing the flexibility to develop the outer loop
controller and the control allocation strategy separately. A
sliding mode controller is utilized as the outer loop controller
to compensate the transient tracking error of the control
allocator. The simulation results of the ADMIRE model
show that the proposed adaptive control allocator achieves
the tracking of virtual control inputs. In addition, the overall
structure, together with the outer loop sliding mode con-
troller, is stable and the plant outputs follow their references
in the presence of actuator faults.
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Fig. 4: Control surface deflection u elements.
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